Classical wave systems are represented in terms of Lagrangian coordinates and a variational equation related to H am ilton's principle. Isentropic ideal gas dynamics and shallow w ater waves are considered as examples. A simple mapping, derived from Schrodinger's original transform, is intro duced. Nonlinear Schrodinger equations are obtained as resultant E ulerLagrange equations when total convection within the system is extremal. In the shallow water waves example, a form for the Jacobian of the continuity equation in Lagrangian coordinates is presented, corresponding to free surface height solitons.
linear Schrodinger equations, we revisit the steps leading from classical mechanics to quantum mechanics. Schrodinger (1926) proceeded by representing a hydrogen atom system by the time-independent Hamilton-Jacobi equation
Jf?{q,dJ/dq)-E = 0,
( 1.1) where 6 is the action, Et he energy and q the coordinates of the system tion space. This may be transformed to a quadratic form equal to zero by the maPPing , -, l n * (1-2)
where constant k is real and variable, ^ complex. Solution of the transformed version of (1.1) is not sought. Rather, the system is understood in terms of the \}r for which the said quadratic form integrated over all coordinate space is extremal. This is a variational equation and leads to Euler-Lagrange equations, an eigen value problem. Quantum conditions constraining certain dynamical variables follow from the latter. The time-dependent linear Schrodinger equation is inferred in the time-dependent situation.
We begin by formulating continuum mechanics in terms of Lagrangian coordi nates and a Hamilton principle in § 2. A Hamiltonian density and an action density 6 are then introduced, and a H am ilton-Jacobi equation derived. Solution of the latter is not sought. The variational equation obtained by expressing the Hamilton principle in terms of and 6 is taken to represent the system. In § § 3 and 4 we construct this variational equation for isentropic ideal gas dynamics and shallow water waves respectively. In place of (1.2) our mapping has the form 6 = x(lna + ( 1.3) where constant k and functions a and ft are real. T real. We assume the constraint th a t total convection within the system is extremal in order th at the resultant equations be manageably simple. Isentropic ideal gas dynamics lead to a three-dimensional generalization of the one-dimensional non linear Schrodinger equation.
Shallow water waves lead to the two-dimensional generalization of the one dimensional nonlinear Schrodinger equation,
where & and h0 are constants, g is the acceleration due to gravity, an asterisk denotes a complex conjugate, subscripts t and y indicate partial derivatives, and ^ = a e '^ with reference to the variables of (1.3). We argue th a t J, the Jacobian of the continuity relation (1.5), is related directly to A. Soliton Section 6 presents further discussion of the mapping (1.3) and results such as (1.4) and (1.5). A constraint concerning external forcing, an alternative to extrem al total convection within the system, is mentioned.
apping o f w systems 2. L a g r a n g ia n c o o r d in a t e s and v a r ia t io n a l e q u a t io n s
We specify Lagrangian coordinates by letting a = (av a 2, a 3) be the coordinates me t = 0 of the material element whose coordinates a t time t are x(<x,t) = (x1 (oL,t),x2(ix,t),x3(<x,t) ). The equations of motion for the trajectory x(x,t) of each material element are assumed derivable from a Lagrangian density ? (xi(ot,t),dxi/dt(at,t) ,dxi(a,,t)/docj ). Given an arbitrary set of material elements, represented as occupying volume ^0(a), the corresponding Hamilton principle is
Variations in material element trajectories are assumed to vanish a t the boundaries of the four-volume over which the integral is taken. Following Gelfand & Fomin (1963) and integrating by parts one obtains the Euler-Lagrange equations
where repeated indices indicate summation over the three spatial coordinates. These are the classical equations of motion, the field equations determining x(ot, t), in the notation of Wentzel (1949) .
The canonical momentum corresponding to =£? is the Hamiltonian density is
and the action Sf and the action density 6 are related by
where the first integral of (2.5) is indefinite with respect to time. As in the discussion of (2.1), the variation of material element trajectories leads to a variation in action, / ' 6 da, (2.5)
We assume th at the motion is compliant with (2.2) and th a t variations hxi vanish on the boundary of <^0(a) and a t initial time t0, and obtain 
This variational equation is the key to the analysis of subsequent sections.
ISENTROPIC IDEAL GAS DYNAMICS
We begin by constructing (2.10) for isentropic ideal gas dynamics in an inertial reference frame. W ith Lagrangian coordinates the inviscid momentum equations are d2x, ' W dx.
where p{<x,t) is the density a t time t and a t the material element whose position at initial time t = 0 is a, and where p is the pressure time t. The continuity relation expressing p(<x,t) in terms of the initial density
which implies th a t (3.1) may be w ritten as
We complete the set of equations by assuming conservation of entropy, £ = a), the first law of thermodynamics, d E = and the ideal gas relations,
where the internal energy is E, the tem perature T, the pressure a t time = 0, p0, the ideal gas constant R, and the ratio of specific heats Building upon the work of Seliger & W hitham (1968) , Lin (1963) , Batem an (1944) and Clebsch, as recorded in Lamb (1932, article 167), we write the Hamilton principle for (3.1) as
where A is a Lagrange multiplier accommodating the continuity relation. Appendix 1 is concerned with the introduction of A and a verification of (3.8). For each material element the Lagrangian is^
and the Hamiltonian, from (2.4),
As in the Introduction, the mapping of dependent variables 6 and p to new dependent variables r and 0 is via P = r2,
where constant k written as and functions r(x, t) and 0(x, t) are real. These relations may be p = ijnjf*, (3.14)
where \jf = r(x,t)eid{x't). W ith a view towards mapping (3.11), it follows th a t
where p0 is assumed constant and
We deduce from (2.6) and (3.10) th a t = /c2V ln^-V ln ^ + (3.18) which implies <3-19) when gradient terms are expressed in Lagrangian coordinates. We substitute (3.11) into (2.10) and map variables in accordance with (3.14), (3.15) and (3.18) obtaining
from (3.7). Transformation of coordinates from a-space to x-space implies
In order th a t resultant Euler-Lagrange equations are simple enough to allow some hope of analysis it is assumed th a t § f f t) \ J n j f * d/ = 0.
J t\ J &q (x)
I t will be shown th a t this implies th a t total convection within the system is extremal. The last integral of (3.21) may be written as
As the former is not a function of trajectories of material elements, it vanishes when variations of these trajectories are considered. Thus is independent of \jr under the mapping given by (3.14) and (3.15). R esultant Euler-Lagrange equations from (3.21) are -k^-i / c 2V Y + { c y / ( r -l ) } (^* ) r "1^ + A^ = 0, (3.24)
where J is a function of A. This generalizes the one-dimensional nonlinear Schrodinger equation. As a consequence of the exponent y -1 = § no solutions are known. A discussion of a special case of (3.24) and (3.25) is given by Ablowitz (1978). 
Mapping of wave systems

Shallow water waves
We proceed as in § 3 assuming an inertial frame of reference and Lagrangian co ordinates. Governing equations for momentum and mass are, respectively,
where h is the free surface height and coordinates are as in figure 1 . The density and the initial free surface height h0 are assumed constant. An alternative form to (4.1) expressing derivatives with respect to dependent variables xi in terms of independent variables a and t is h°w = (4-3)
where has definition analogous to (3.4). The appropriate variational principle for these equations is J t\ J £%o(a)
where \Jf = r(x, t) e^.o and, as before,^(
Transformation of coordinates from a-space to #-space, and the assumption 
C o n c l u d in g d is c u s s io n
Our resultant equations are a generalization of the one-dimensional nonlinear Schrodinger equation and act as governing equations for an amplitude function to a density-like variable. The linear Schrodinger equation has the same role in quantum mechanics. This is inherent in mapping by (3.14) and (4.5) and may be seen by an adaption of the hydrodynamical interpretation to the linear and non linear Schrodinger equations given by Madelung (1926) , Jam m er (1974) and Spiegel (1980) 
. Substitution o i\f -rei0 into (4.10) implies
Kdt + \ K \ -\ * r / r + S / 6 -
when real and imaginary parts are equated. The latter is a continuity equation for shallow water waves when h is identified with r2 and the Eulerian velocity v via
Our procedure is a variation of the pioneering work of Schrodinger (1926) . In place of the particles of quantum mechanics, which he considers, we are initially concerned with continuum mechanics and Lagrangian coordinates. In place of a variational equation whose integrand is the governing equation for the system written as a quadratic form, our variational equation is related directly to Hamil-ton's principle. Resultant Euler-Lagrange equations evolve in time. In place of Schrodinger's mapping (1.2) and the inherent discreteness th a t follows in the timeindependent situation, our mapping is real and our concern is in representing systems th a t remain classically real.
We initially represent the system in terms of a variational equation whose variations are with respect to the material element trajectory x(& In view of (6.3), introduction of the mapping as given in (4.5) is invoked to render resultant Euler-Lagrange equations manageably simple. I t is now seen to require th a t total convection within the system be extremal to first order in variations,
J t\ J &o(x)
with the use of (4.5), (4.8) and (6.3). An alternative way to obtain the same simplifi cation is to assume an external force on the system F = -such th a t the governing equation for momentum (4.1) is
The constraint on U is
in view of (4.7). Expressed in terms of v and h, this may be written as
No restriction on amplitude is introduced. The mapping of (4.5) and (4.6) and the transformation from a-space to *-space have the result th a t J is independent of \[r but dependent on A. For ( 6.5) We may connect the resultant equations, (4.10) and (4.12) in the shallow water waves example, to the KdV equation by assuming a similarity solution such th a t dependent variables are functions of the spatial variable y = In this situation (6.1) and (4.12) imply 
Ket
Mapping of wave systems
J a
This is the rationale for introducing A in (3.8) and for concluding th a t J is inde pendent of \]f in (3.21) and therefore a function of only A. However, in terms of unmapped variables, J in (3.8) is a function of material element trajectories x(a, t) and contributes to the resultant Euler-Lagrange equations when variations in these trajectories 5 xa re considered. We proceed from the results Whitham (1968) where E depends on dxjdccj via its dependence on Thus it follows dE d dp and from (3.2) and (3.4) dxtj dp dx{j p2 dxtj dp_ dxtj Po
As dJij/docj = 0, (A 1.5) may be written as 
where a, /? and V$ are constant square matrices, t, w and ^ are independent variables and
Operator F is of the form II /* 00
where F {£F ,x,w ,t)is a square matrix function, and F determines the contour of integration.
where L* and L 2 are the limiting forms of L x and L 2 as ^ ± co respectively. Having determined F from (A 2.1) we solve (A 2.5) and (A 2.6) by determining JT from the Gelfand-Levitan equation 
A further two equations correspond to (A 2.12) and (A 2.13) with subscripts 1 and 2 interchanged. These may be evaluated on = by letting = iy where y is real to imply i y^n . a r F f t^n , w + 2iy(£12£21 -1) -0, 
